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Abstract

We study the effects of publishing the central bank’s interest rate projec-
tion when private agents form forecasts by using recursive learning algorithms
based on past data. We investigate analytically the macroeconomic implica-
tions of this aspect of transparency under Taylor-type monetary policy rules.
We find that when the central bank announces the path of expected short
term interest rates obtained without taking into account that private agents
are not perfectly rational, the properties of the equilibrium in terms of de-
terminacy, learnability and speed of convergence may drastically change with
respect to the case of no announcement. Revealing the path is counterpro-
ductive, as it makes conditions for determinacy and E-stability more stringent
and the learning process slower. We also show that publishing output gap and
inflation projections has opposite implications.

1 Introduction

As argued, among others, by Blinder (2000) and Svensson (2006) the current view
of monetary policy making is based on the crucial observation that most of the
effects of monetary policy on the economy are obtained through the impact on
expectations (Woodford, 2005). According to this view, the increasing effort to
enhance transparency of monetary policy allows, by moving expected future rates,
to achieve the policy objectives in a more efficient way —smaller changes in the policy

instrument are needed in order to reach the same objective. This is clearly a huge
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change with respect to the way monetary policy was thought to affect the economy
some decades ago. It is not surprising that, in more recent years, the debate on
the usefulness of the publication of any type of forward looking information by the
central bank has been vibrant. The debate has been particularly fierce with respect
to the publication of the central bank’s future policy intentions, one of the aspects of
transparency that presumably has the largest impact on expectations and, in turn,
on the effectiveness of monetary policy decisions.

We can distinguish two approaches that central banks may adopt to communi-
cate their view about the future developments of the policy instrument!. The first
one is to reveal any type of information related to the implementation of monetary
policy: final goals, economic data, models, the strategy and the operational imple-
mentation of policy decisions. This approach, even though theoretically appealing,
is obviously not feasible in practice. An alternative is to provide information di-
rectly on the future policy intentions. This approach is characterized by different
degrees of precision, depending on whether the central bank decides to reveal its
expectation in an indirect manner - for example, the ECB and the Fed provide an
implicit guidance to the market through the use of “key words”-, or with a direct
and explicit revelation of the expected interest rate path - the Bank of Sweden, the
Bank of Norway, the Bank of Island, the Czech National Bank and the Reserve
Bank of New Zealand publish their own quantitative projections of the short-term
interest rates.

The literature and policy discussions highlight a series of advantages and draw-
backs associated with a direct signalling of the evolution of short term interest rates.
In particular, this communication strategy might be beneficial because (i) it affects
private expectations about the future evolution of monetary policy and, in turn, it
allows a more efficient pricing of financial assets (Archer, 2005; Kahn, 2007; Svens-
son, 2004), (i) it helps to enforce the optimal policy under commitment (Archer,
2005; Khan, 2007; Mishkin, 2004; Svensson, 2006; Woodford, 2005), (éi¢) it increases
the accountability of the central bank and the incentives for producing good fore-
casts (Archer, 2005; Mishkin, 2004) and, finally, (iv) it also fosters the discussion
within the monetary policy committee on policy objectives and on the appropriate
models to be used in assessing the evolution of the economy (Archer, 2005). On the
contrary, on top of the general observation that the provision of public information
is not necessarily beneficial (Morris and Shin, 2002), it has been argued that the

costs of an explicit announcement of policy intentions might outweigh the benefits if

Here we assume that the short term interest rate is the policy instrument.



the central bank is already very transparent, in particular when the public does not
understand its conditional nature. In such a situation, monetary policy decisions
not in line with the announced policy intentions mayundermine the credibility of
the central bank (Mishkin, 2004; Khan, 2007; Woodford, 2005).

So far the theoretical literature has found that when the central bank has an
information advantage with respect to the private sector, the benefits of the pub-
lication of the interest rate path overcome the costs. For example, Eusepi and
Preston (2007) find that when private agents do not have a model of how aggregate
state variables are determined, communicating the entire policy decision process (i.e.
the relevant conditioning variables and policy coefficients) anchors expectations and
promotes macroeconomic stability. Similarly, Rudebusch and Williams (2006) find
that when everything is known by the public but the parameters of the policy rule
or the time-varying inflation target, publishing interest rate projections, in general,
helps to align the public’s and the central bank’s expectations and, therefore, it re-
duces the magnitude of fluctuations in output and the inflation gap?. The analytical
framework developed by Rudebusch and Williams (2006), however, also allows to
evaluate the consequences of a situation in which the public misconstrues on the
actual precision of the signal of the central bank. In this case the benefits of cen-
tral bank communication are muted. Publishing interest rate projections can be
counterproductive until private agents realize their misperception of the accuracy
of central bank signals. This result, providing an example where the alignment
of central bank and public expectations is not necessarily welfare improving, un-
derlines the need for a well-developed communication strategy that mitigates such
problems by highlighting both the conditionality and uncertainty regarding interest
rate projections.

The unresolved debate among researchers — and central bankers — about the
value of direct signalling the evolution of short term interest rates provides the key
motivation for our analysis. In this work we focus on the effects of publishing the
central bank’s interest rate projection when (i) private agents form forecasts by
using recursive learning algorithms based on past data, (i) the central bank sets
the interest rate as a reaction function to output and inflation and (%) the policy
path that the central bank publishes is the conditional interest rate obtained under

the assumption of rational expectations.

?In their model the central bank communicates to the market a noisy signal of its one-step
ahead expected interest rate. The variance of the information transmission error is an (inverse)
measure of the degree of transparency.



Concerning the first hypothesis, there is now a large literature that assumes that
private agents must 7 obtain their quantitative knowledge of the dynamic properties
of the system [in which they operate| on the basis of data generated by the economy
itself; they are not given such knowledge by magic or divine revelation. Thus this
knowledge must be based on some learning process that depends upon past observa-
tions of variables of the system” (McCallum, 2009).

Concerning the second hypothesis, we restrict our attention to Taylor type rules,
where the policy rule takes the form of a functional relationship between the interest
rate - the dependent variable - and the inflation and the output gap.

Finally, the hypothesis that central banks projections are obtained under the
assumption of rational expectations reflects the fact that those institutions that
announce their policy path, in general, obtain their projections from large general
equilibrium models where interest rates are endogenously determined and the ex-
pectations are assumed to be perfectly rational.?

Based on these three hypotheses we first ask whether the announcement of the
interest rate path would enlarge or restrict the set of policy rules associated with
uniqueness of the rational expectations equilibrium (REE). Subsequently, we ask
whether, in a world where agents form forecasts by using recursive learning algo-
rithms, this aspect of monetary policy transparency enlarges or restricts the set of
policy rules under which agents end up learning the REE. Grounded on the set
of policies that imply a unique and learnable REE, we look at speed of learning
as a criterion to characterize further the effects of the publication of future policy
intentions; here the exercise consists in taking a given policy rule that implies a
determinate and learnable REE and ask whether the publication of the path helps
agents to learn faster.

Since all central banks that are actually publishing their interest rate projections

3The Reserve Bank of New Zealand has at the core of its Forecasting and Policy System (FPS) a
general equilibrium macro model ”with around 30 key behavioral variables”, where expectations are
modeled ”as some weighted combination of the model-consistent forecast and some other function
of the recent data”. Learning is not taken explicitly into account ("a valuable next step would
be to specify how agents learn about the new policy rules, although as yet there is no generally-
accepted theory of learning in macroeconomics”). The Norges Bank produces the forecasts using
a core macroeconomic DSGE model with "rational agents reacting to exogenous disturbances”.
The Swedish Risksbank uses a macroeconomic general equilibrium model called RAMSES where
individuals expectations are assumed to be rational ("RAMSES can be formulated mathematically
as a system of non-linear differential equations with rational expectations”). The Central Bank
of Island uses a model, called QMM ”to assist with analyzing the current economic situation,
making economic projections, assessing the effects of alternative policies and shocks” and where
expectations "are assumed to be rational, i.e. consistent with the QMM model structure (model
consistent expectations)”.



were already publishing the output gap and inflation expectations, we repeat our
analysis under the assumption that the policy maker publishes also its projections
about these variables.

Our approach differs from the one of Rudebusch and Williams (2006), as asym-
metric information in our model concerns all the parameters of the model, while
in their analysis asymmetry concerns only one policy aspect (alternatively the rel-
ative weights to output gap in the policy maker loss function, or the medium-run
inflation target). Differently from Eusepi and Preston (2007), we assume that the
central bank announces its expected REE, while in in their model the policy maker
announces the coefficients of the policy rule and /or the expected inflation and output
gap.

In an environment where agents use the information about the policy path in
order to form expectations about future inflation and output gap, revealing only
the path of the interest rate makes conditions for determinacy and E-stability more
stringent — the set of policies that implies a determinate and E-stable REE when the
central bank communicates the path is a subset of the one that implies a determinate
and E-stable REE under no announcement — and the learning process slower. In
fact, by publishing the interest rate projection consistent with the REE, the central
bank is not taking into account the fact that agents are learning and, therefore, is
not taking into account the mistakes in private agents expectations. As a result the
learning process is slower and the economy becomes more vulnerable to self-fulfilling
expectations.

Publishing output gap and inflation projections has opposite implications . While
the information about the policy rate (the instrument variable of the model) is
implicitly used by private agents in order to form expectations about future inflation
and output (the control variables of the model), information about output gap
and inflation is used directly to predict those variables. Therefore, this type of
announcement makes conditions for determinacy and E-stability less stringent and
helps agents to learn faster than under no communication.

Finally, a central bank that has already been publishing the expected output
gap and inflation and decides to publish also the interest rate path will increase the
region of indeterminacy and instability under learning and slow down the learning
process. In particular, if the agents pay — or are induced to pay — too much attention
to the announcement of the interest rate path with respect to the one they dedicate
to expected inflation and output gap, the region of instability under learning may

result larger and the speed of learning lower than under no announcements.



The paper is organized as follows. In Section 2 we develop the baseline model;
in section 3 we analyze the effect of publishing the projections about the policy
instrument in terms of uniqueness of the REE, stability of the equilibrium under
learning and speed of convergence; in section 4 we analyze the alternative scenario
where the central bank also publishes its expectations about the control variables
of the model — that is the output gap and inflation; in section 5 we consider some

extensions; section 6 concludes.

2 The model

We consider a standard New-Keynesian model modified to allow for asymmetric
information sets for private agents and the central bank. In particular, we assume
the central bank has an informational advantage over the public. While the central
bank has a perfect knowledge of the economy (and of his decisions), private agents
know the states of the economy, but do not know exactly how these determine the
actual value of the control variables of the model (inflation and output gap).
For our analysis, we use a standard log-linearized New Keynesian model. We
write the system as
xp = Efwe — ¢ (ip — Bi ) + g (2.1)

Ty = Qg + BEt*ﬂ-tJrl + Uy, (22)

where z; is the output gap, measured as the log deviation of actual output (y;) from
potential output (z;) (i.e., the level of output that would arise if wages and prices
were perfectly competitive and flexible), m; is actual inflation at time ¢, E}my4 is the
level of inflation expected by private agents for period ¢+ 1, given the information at
time ¢. Similarly E;z; is the level of the output gap that private agents expect for
period t+1, given the information at time ¢. I write E} to indicate that expectations
need not be rational (E; without * denotes the rational expectation); i; is the short-
term nominal interest rate and is taken to be the instrument for monetary policy;

g; is a demand shock and u; a cost-push shock

gt = Pggt—1 + Egt and  uy = pyUg—1 + Eut, (2-3)

where 4 and &, are mutually orthogonal white noises with variances o7, o7

We supplement equations (2.1)-(2.3) with a policy rule. We consider the nominal

interest rate as the policy instrument and model it by means of a reaction function.



Thus, a policy rule is just a functional relationship between a dependent variable —

the interest rate — and some endogenous variables — the inflation and output gap
It =7 + Valt + Vr Tt (2.4)

Under this type of policies the economy evolves according to the following stochas-

tic dynamic system?:

Y = Q + F X Efyiy1 + Swy, (2.5)
with
/
Y = [ Ty Ty }
wy = WYw_y + ¢y,

Following the literature on monetary policy and learning we focus on the mini-

mum state variable solution (MSV) of the model, which is of the form
Yy = A+ Buy (2.6)

where A is a (2X1) vector and B a (2X2) matrix.

It is well known that the necessary and sufficient condition for the rational ex-
pectation equilibrium (REE) to be unique is that all eigenvalues of the F' matrix lie
inside the unit circle. As shown in Bullard and Mitra (2002) this condition reduces
to have

e >1— (1;75)%. (2.7)

Let assume now that agents do not initially have rational expectations, but
instead they form forecasts by using recursive learning algorithms. In particular, we
assume that agents know the functional form of the MSV solution (2.6), but not the
value of the A and B matrices. We follow Marcet and Sargent (1989) and Evans
and Honkapohja (2001) to model the learning process. Private agents update their
forecasts through recursive least squares algorithms. This procedure is an example
of adaptive real-time learning, which basic idea is that agents follow a standard

statistical or econometric procedure for estimating the perceived law of motion of

4See appendix 1, for a complete derivation of the system and solution.



the endogenous variables.

Let
Al
ﬁt - ( Bf ) and Z; - (17ut7gt) .
t

then, under recursive least squares learning, agents face the following perceived law
of motion (PLM)

Yr = 2,0 (2.8)

where (3;’s are the statistics inferred recursively from past data according to

Bt = Btfl + tilRtithfl (yilf—l — Zz—lﬁtfl) (29)

where
Rt = Rtfl + t_l (Zt,12£_1 — Rt,1> (210)

Therefore, forecasts are updated by a term that depends on the last prediction

errors. The forecasts are then computed from the estimated law of motion®
Etyt+l = At + Bt\Dwt. (211)

In order to study whether the recursive least-squares estimates, (;, converge to
the REE, 3, we refer to the concept of expectation stability (E-stability) described
in Evans and Honkapohja (2001). It is known for learning problems of the type
described here that, under fairly general assumptions, convergence to REE obtains
if and only if E-stability conditions are satisfied.

The issue of stability under learning of a particular equilibrium is addressed by
studying the mapping from the estimated parameters - the perceived law of motion,
PLM - to the true data generating process - the actual law of motion, ALM. When
expectations in system (2.5) evolve according to expression (2.11), the ALM can be
written as

v =Q+ FA; + (FBY + S) w;. (2.12)

We define the mapping from the PLM to the ALM

5Here we assume that private agents know the ¥. This assumption is commonly used in the
learning literature and does not affect our results in terms of determinacy, E-stability and speed
of convergence.



As shown in Marcet and Sargent (1989) and Evans and Honkapohja (2001), it turns
out that the dynamic system described by equations (2.11) and (2.12) can be studied

directly in terms of the associated ordinary differential equations (ODE)%

T (4) = Tu(4) - 4 (2.14)
0
5-(B)=Ts(B) -~ B (2.15)

where 7 denotes “notional” or “artificial” time and T4(A) = Q + FA and Tx(B) =
FBY + 5.

The E-stability criterion governs stability under such adaptive learning. Under
E-stability the economy converges in the long run to MSV solution. A particular
MSV solution (Z, E) is E-stable if the MSV fixed point of the differential equations
(2.14) and (2.15) are locally asymptotically stable at that point (see Evans and
Honkapohja, 2001). E-stability conditions are readily obtained by computing the
derivative of the ODE’s

d(T4(A) — A)
dA
and
d(Tg(B) — B)
dB

and checking whether all the eigenvalues have real part less than zero.
As shown in Bullard and Mitra (2002) expression (2.7) provides also necessary

and sufficient condition for E-stability.

3 Central Bank interest rate path communication

The aim of this section is to to analyze the effect of publishing the interest rate path
in terms of determinacy and stability under learning of the REE and in terms of
the speed of convergence. While agents expectations evolves according to the learn-
ing procedure described in the previous section, for the central bank we retain the
assumption of perfect rationality. This assumption reflects the fact that in practice

those institutions that announce their policy path obtain their projections - to a

In general, a REE is locally stable under real time learning if the relevant real time learning
algorithm converges to it. The REE is E-stable if it is locally asymptotically stable under the
associated ODE. In our example, since regularities conditions described in chapter 6 of Evans and
Honkapohja (2001) are satisfied, E-stability implies stability under real time learning, and therefore
local stability of the REE under learning can be studied directly in terms of the ODE.
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large extent - from (DSGE) macroeconomic models solved under the rational ex-
pectation hypothesis. Therefore, our approach (i.e. the public and the central bank
have asymmetric information about all parameters describing the model economy)
differs from the one considered in Rudebusch and Williams (2006) where asymmetric
information concerns only specific aspects of the policy rule. The main difference
is that, while in Rudebusch and Williams (2006) the public, knowing all the pa-
rameters in the economy except one, needs only to improve its ability in forecasting
future policy actions in order to learn the REE, in our model the public’s learning
process involves all the parameters of the model and in order to learn the REE has
to use all information derived from the IS, the Phillips curve and the interest rate
rule.

In order to study the macroeconomic effects of the announcement we write the
IS and the Phillips curve 7" — 1 periods ahead and substitute them in the (2.1) and

(2.2) expressions to obtain

T-1
xy = Efviyr — Ef Z (Pitr; — PTerji1 — Givj) (3.1)
j=0
and
T-1
m = BT Eimr + B 5 (awpy + wey) (32)
=0

It is worth to notice that in order to obtain equations (3.1) and (3.2) we are
using the law of iterated expectations hypothesis, that holds both under RE and
least square learning. 7 This formulation makes evident the central role not only of
actual real interest rate, but also of expected future short term real interest rates in

determining today output and inflation.

3.1 Determinacy and E-Stability of the REE

For simplicity we consider the case where the central bank announces only the next

period expected interest rate. In this case we can write (3.1) and (3.2) for 7" = 2, as

Ty = ﬂ2Et*7Tt+2 + axy + up + ﬂa{E:xtJrl + ﬂE:utH (33)

vy = Efweo — 0 (iy — Efmqq + Efiger — Ef o) + g0 + B Gega. (3.4)

"See Evans, Honkapohja and Mitra (2003).
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Ferrero and Secchi (2008) study the case of the Reserve Bank of New Zealand,
that publishes its interest rate projections since 1999, and show that market expec-
tations on short term interest rates respond in a significant and consistent way to
the unexpected component of the published path, even though adjustment is not
complete. That is, private agents move their expectations only partially in the direc-
tion of the announcement. Therefore, we assume that private agents expectations
about the expected interest rate depend on both central bank’s announcement and
their own expectation. ® Let 0 < (1 — A;) < 1 be the weight that agents give to the

central bank’s announcement, than equation (3.4) can be written as
Ty = E::L‘t+2—(,0 (Zt — E:?Tt+1 + (1 — )\1) EtCBZ'H_l + )\1EZW¢+1 — E:?Tt+2) —i—gt—i—Et*ng.

where EFPi;,; is obtained from the MSV solution (2.6) for time ¢ inflation and
output gap,
EtCBZ.t—i—l =a; + pubu,iut + pgbg,igt (35)

and a;, b,; and b, ; are easily obtained by substituting (2.6) in the contemporaneous
reaction function (2.4).
Under these hypotheses the economy evolves according to the following expres-

sion:

U= Q + F X Efr1 + Suwy, (3.6)

where @, F and S are derived in appendix 2 and

~
Yy = [Wt v Bimgn Efweg

We provide a characterization of the necessary and sufficient condition for de-

terminacy in the following proposition.

Proposition 1. Let ¢y, + apy. +1 # 0. In an economy that (i) evolves according
to the system of equations (3.6), where (ii) at time t the central bank publishes the
time t+1 interest rate projection consistent with the REE and (iii) private agents
give weight 0 < (1 — X\;) < 1 to these projections, revealing the interest rate path

makes conditions for determinacy more stringent. In particular, the necessary and

8 Alternatively, we may assume that a fraction A; of private agents in the economy use their
own prediction and a fraction (1 — A1) fully internalize the central bank’s projection.
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sufficient condition for uniqueness of the REE is

2 1-8
Vo > TR Va- (3.7)

Proof. See appendix 2. O

In order to understand the implications of Proposition 1 it is useful to look at
the case where the policy maker does not announce future policy intentions. In that
case the necessary and sufficient condition for determinacy has a straightforward
interpretation (Woodford, 2003). The Phillips curve (2.2) being an equilibrium con-
dition implies that each percentage point of permanently higher inflation determines
a permanently higher output gap of (1 — ) /a percentage points. Therefore, ex-
pression (2.8) states that necessary and sufficient condition for determinacy is that
the long-run increase in the nominal interest rate prescribed by policy rules with
contemporaneous endogenous variables (2.4) should be larger than the permanent
increase in the inflation rate.

Applying a similar reasoning to the case where the central bank announces the
next period expected interest rate, we have that the Phillips curve still implies that
each percentage point of permanently higher inflation determines a permanently
higher output gap of (1 — /) /a percentage points. However now, expression (3.7)
states that necessary and sufficient condition for determinacy is that the long-run
increase in the nominal interest rate should be at least 2/ (1 + A1) times as big as
the permanent increase in the inflation rate. For 0 < (1 — A\;) < 1, this implies a
larger response than under no announcement. Notice in particular, that depending
on the value of Ay, the classical Taylor rule with v, = 0.5 and v, = 1.5 may imply
an undetermined REE - depending on the weigth A\;. The reason why conditions for
determinacy are more stringent under the announcement of the expected interest
rate, is related to the well known fact that when the interest rate is set as a function
only of exogenous shocks, small deviations from the equilibrium cannot be offset.
By publishing the interest rate projection consistent with the REE, the central bank
is announcing a policy rate that behaves like a ”fundamental” reaction function and
is, therefore, unable (or less able) to offset initial deviations from the equilibrium.

Let assume now that agents do not initially have rational expectations, but
instead they form forecasts by using the recursive learning algorithms described in

the previous section. To study stability of the REE under learning we rewrite the
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system as
h=Q+F X EY+V x EYy s+ Sw, (3.8)

where @, F , V and S are derived in appendix 3 and

yé:[ﬂ-t $t]

As the REE is still given by equation (2.6), the private agents forecasts under

recursive learning are computed from the estimated PLM
yt = A + Bwt
from which we compute the expectations

By = A+ BYuwy,
Eyyrio = A+ BV Ty,

In this case the actual law of motion (ALM) of y; is
Yy = (@ L FA+ f/A) + (ﬁB\IJ + VBV + §> w;,
the mapping from the PLM to the ALM is
T(A,B) = (Q + (ﬁ + f/) A, FBU + VBU'U + 5) (3.10)

and the associated ordinary differential equations are

a ~ ~ ~
E(A):Q+<F+V)A—A (3.11)
ai)T(B) = FBY +VBYVU +S - B (3.12)

In the following proposition we state the conditions under which the REE is
E-stable.

Proposition 2. Let ¢y, + apy.+1 # 0. In an economy that (i) evolves according
to the system of equations (3.8), where (ii) at time t the central bank publishes the
time t+1 interest rate projection consistent with the REE and (iii) private agents
give weight 0 < (1 — A\y) < 1 to these projections, revealing the path makes condition

for E-stability more stringent. In particular, the necessary and sufficient condition
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for stability under learning (E-stability) of the equilibrium (2.6) is

2 1-p
1+/\1) «

> Ya- (3.13)

Proof. See appendix 3. 0

Comparing conditions (2.7) and (3.13) we immediately observe that revealing the
path makes conditions for E-stability more stringent.” By publishing the interest
rate projection consistent with the REE, the central bank - that is not taking into
account the fact that agents are learning - is acting as if the expected interest
rate is a "fundamental” reaction function and therefore is actually increasing the
initial bias of the learning agents, and makes it more difficult for the agents to
learn. To better understand, let consider a model where private agents have an
initial positive bias in expected inflation. This positive bias will lead to higher
inflation both directly through the Phillips curve (m = oy + BE; 41 + 1) and
indirectly through the real interest rate that affects the output gap in the IS curve
(2 = Efxy1 — @ (i — Efmiy1) 4 g:) and therefore inflation (in the Phillips curve). A
policy rule that reacts directly to inflation or expected inflation would help to offset
the bias, while a policy that reacts directly to the fundamentals is not. In that
case the policy is not able to contrast the cumulative movement away from REE. In
understanding our results two points are crucial: (i) the hypothesis that, in a world
where private agents are learning from past data — and along their learning process
they produce biased predictions of the main macro variables — the central bank
publishes its projection obtained under rational expectations; (ii) publishing the
interest rate projection consistent with the REE, the central bank is acting as if the
expected interest rate is determined by a ”fundamental” policy rule and therefore is
actually increasing the bias of the learning agents. To offset this effect, the response
of the policy to inflation has to be larger than in the case of no announcement.

Figure 1 compares in the (7., 7-) space the region where we have a unique and E-
stable REE for different weights 0 < (1 — A1) < 1. Region A describes all the policies
under which the REE is not unique and not E-stable, under no announcement; when
the central bank announces its policy path and private agents give weight 0.25 to
it, the region of instability and indeterminacy enlarges and includes also the region
B. When the weight increases to 0.5, the region of instability includes also the

subspace C; for a weight of 0.75 it includes also region D and, finally when agents

9Even though in this case conditions for determinacy and E-stability coincide, this has not to
be the case in general (see Evans and Honkapohja, 2003).
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Figure 1: Determinacy and E-stability and policy path announcement

2.5¢ .

7x

fully internalize the announcement, the region of indeterminacy and instability under
learning is given by A+B+C+D+E. Therefore when the policy maker reveals the
path, the smaller the weight the agents give to the announcement, the smaller is
the region of indeterminacy and instability under learning. In particular, when the
central bank publishes its expected interest rate and the weight that private agents
give to the projection is 0.5, the classical Taylor rule with ~, = 0.5 and v, = 1.5
would imply a unique and E-stable REE; however for larger weights, the Taylor rule

will fall in the region of indeterminacy and E-instability.

3.2 Speed of convergence

In the previous sections we have analyzed the effect of announcing the expected
interest rate in terms of uniqueness of the REE and of its asymptotic properties
under learning. Combinations of (7,,7,) that imply a determinate and E-stable
REE are usually defined in the literature as "good” policies. The concept of speed
of convergence can be used in order to refine further the set of ”"good” policies (see

Ferrero, 2007). If convergence is rapid, then we may think to focus on asymptotic
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behavior, because the economy would typically be close to the REE. Conversely, if
convergence is slow, then the economy would be far from its REE, and, hence, its
behavior would be dominated by the transitional dynamics.

In the literature, the problem of the speed of convergence of recursive least
square learning algorithms in stochastic models has been analyzed mainly through
numerical procedures and simulations. The few analytical results on the transition to
the rational expectations equilibrium environment are obtained by using a theorem
of Benveniste, Metiver and Priouret (1990) that relates the speed of convergence of
the learning process to the derivative of the associated ODE at the fixed point. In
the present case, the ODE’s to be analyzed are those described in expression (3.11)
and (3.12).

We define

(4200) _ (100-p2)
ap(ltM1h)  a(ltnip) Jo
4(2,@+1)a<p—(2,@2—1) (1—2ﬁ2)

@BrD(I+2A)ap (112 /@

Sl: Yy Vo Yo > MAX

the set of policies (i.e. combinations of 7, and ~,) under which all the eigenvalues
of F' 4+ V matrix have real part smaller 1/2.

The following proposition, adapting arguments from Marcet and Sargent (1995),
shows that by choosing the 7, and ~,, the policy-maker not only determines the
level of inflation and output gap in the long run, but also the speed at which the

the economy converges to the REE, i.e. the speed at which agents learn

Proposition 3. In an economy that (i) evolves according to the system of equations
(3.8), where (ii) private agents give weight 0 < (1 — X)) < 1 to the central bank’s

announcement, and (iii) the central bank chooses a policy (Vr,Vz) € Si, then
VE(B = B) = N (0,2)
where the matriz Qg satisfies

!/

5 -D|oa e g -0 L E[1@) - 7)) [r3)-F)] =0 (1)

Proof. see appendix 4. O

If the conditions of Proposition 3 are satisfied, the estimated 3; converges to the
REE, 3, at root-t speed. Root-t is the speed at which, in classical econometrics, the

mean of the distribution of the least square estimates converges to the true value of
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the parameters estimated. Note that the formula for the variance of the estimator
B, is modified with respect to the classical case. In particular, if (y,,7,) € S,
the higher the eigenvalues of F', the larger the asymptotic variance of the limiting
distribution (Marcet and Sargent, 1995). In this case, convergence is slower in the
sense that the probability that a shock will drive the estimates far away from the
REE is higher and the period of time that agents will need in order to learn it back

is larger.

Proposition 4. In an economy that (i) evolves according to teh system of equations
(3.8), where (i) private agents give weight 0 < (1 — X)) < 1 to the central bank’s
announcement, and (i) the central bank chooses a policy (Vr,7.) € S1, the smaller
the weight to the announcement, the smaller the set of policies under which private

agents learn at root-t speed.
Proof. see appendix 5. O

In Figure 2 we focus on the two extreme cases where there is no announcement

(A1 = 1) and where private agents fully internalize the announcement (A; = 0).

Figure 2: Determinacy, E-stability, root-t convergence (no communication)

*even,
Cveeeana,

........
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By looking at Figure 2, it is clear that the set of combinations (7., 7, ) resulting
in root-t convergence is much smaller than the one under which E-stability holds.
Moreover, the region of "fast” convergence (i.e. root-t convergence) is smaller when
the central banks announces its policy (region D) than under no announcement
(region C+D)

Let’s define
(24200) _ (1+r-5)
— 2. _ ap(l+A1443) a(14+X1+5)
SQ - (77777:10) S R+ : (1 + )\1> o Yz < VYr < Max 4(2ﬁ+1)a<p—(2ﬁ2—1) (1_2/32)

@BrD(I+2Aap  (1+28)a 1@

the set of policies (i.e. combinations of 7, and ~v,) under which all the eigenvalues
of F" have real part less than one but not all have real part less than 0/5.

Propositions 3 and 4 do not apply when (v,,7,) € Sa. However, it can be shown
by Monte Carlo calculations that the estimates, f3;, converge to the REE, 3, at a
speed different from root-f. In this case, the effects of initial conditions fail to die
out at an exponential rate (as it is needed for root-t convergence) and agents’ beliefs
converge to rational expectations at a rate slower than root-t. In particular, also
when (Vz,7.) € Se, the link between the derivative of the ODE, the slope of the T'()
mapping and the speed of convergence holds.

Marcet and Sargent (1995) suggest a numerical procedure to obtain an estimate
of the rate of convergence when (v,,7,) € So. In this case it is possible to define

the rate of convergence, §, for which
B -5) B F (3.15)

for some non-degenerate well-defined distribution F' with mean zero and variance
Qp.

Expression (3.16) can be used to obtain an approximation of the rate of con-
vergence!® for large t. Since [t5 (B: = B) (B —B)/] = Qp as t — 00, we can

write

pEene-n] o EeD 60

B[ (3 ) (37 2™ 5 (3. —3) ()]

The expectations can be approximated by simulating a large number of inde-

10The calculation of the rate of convergence is based on the assumption that such a § exists.
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pendent realizations of length ¢ and tz, and calculating the mean square distance
from the /3 across realizations for each coefficient. Table 1 reports the rate of con-
vergence, 0, the real part of the largest eigenvalue of the (F' + V) matrix, k, the
number of quarters needed in order to halve the initial expectation error', T} o,
and the number of quarters needed in order to reduce to one third the initial error,

T3, for different values of (v, 7,) € Sz. 2

Table 1: Speed of convergence and simulations

Yo = 1.0 Vo =2.0 Yo = 3.5
A=1 A=0A=1 A=0|A=1 A=0
Yo = 0.25 k 0.76 >1 0.19 0.86 0.07 0.62

) 024 N.A | >05 014 | >0.5 0.37

Ti/o 40 N.A. 5 390 4 19

T3 | 220 N.A. 11 >400 7 70

Yo = 0.5 k 0.85 >1 0.63 0.90 0.42 0.73
) 0.14 N.A. | 0.36 0.10 | >0.5 0.26

Ty | >400 N.A. 35 >400 11 192

Yo =1 k 0.91 >1 0.79 0.92 0.67 0.82
) 0.08 N.A. | 0.21 0.07 0.32 0.17

Ty | >400 N.A. 43 >400 14 144
Tyy3 | >400 N.A. 295 >400 48 >400

NOTE: In all simulations we compute the rate of convergence with
1000 independent realizations for t=9000 and tz=10000 periods.
k is the real part of the largest eigenvalue of the F' 4+ V matrix;
T /o indicates number of quarters needed in order to reduce the
inflation forecast to one half of the initial bias; T},3 indicates
number of quarters needed in order to reduce the inflation forecast
to one third of the initial bias.

Calculations show that (i) the larger the response to output gap, 7., the higher
the real part of the larger eigenvalue, the smaller § and the lower the speed of conver-
gence; (ii) the opposite relation holds for the response to inflation: the larger v,, the
higher the speed of convergence; (iii) for a given (v,,7,) policy, the announcement
of the policy path has a large impact on the speed of convergence. For the Taylor
rule’s parameter (v, = 1.5,7, = 0.5), under no announcement we need more than

50 years in order to halve the initial expectation error, when the announcement is

HTnitial expectation error is 10 per cent of the REE.

12Simulations are obtained under Clarida, Gali and Gertler (CGG, 2000) calibration: US data,
p =4, a=0.075, 8 = 0.99; We use quarterly interest rates and we measure inflation as quarterly
changes in the log of prices. Therefore our CGG calibration divides by 4 the o and multiplies by
4 the ¢ reported by CGG (see also Honkapohja and Mitra, 2004).
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fully internalized agents never learn. Considering a stronger response to inflation we
can speed up the learning process, but differences between announcing or not the
interest rate path remain substantial: for v, = 3.5 and 7, = 0.5 the initial error is
halved in about one year under no announcement, but we still need 10 years under
announcement.

In order to characterize all combinations of (7, 7,) in terms of the speed of con-
vergence we define the speed of convergence isoquants that map elements of the set

of contemporaneous-data reaction functions into a speed of convergence measure.'3.

Definition 1. A speed of convergence isoquant-k is a curve in R?* along which all
points — combinations (Y, V=) of a monetary policy reaction function — imply that the
largest eigenvalue of F'+V has real part equal to k. In an economy that evolves ac-
cording to equations (2.1), (2.2), (2.3) and contemporaneous-data reaction function
(2.4), the k-isoquant satisfies

(1—2k+82+20¢p) (_ﬁ2+2k+>‘1)7

@k+B+A)ap  —  (2k+BtA)a 1T

5 1(ﬁ;pfk)(lfk) (lifﬁg) . (316)
k+x)  ap(ktB)(kta)  a(kip) ®

Yr = max

Figure 3 shows the speed of convergence isoquants in the two extreme cases
where there is no announcement (A; = 1) and where the agents fully internalize the
announcement (A; = 0).

We observe that, for a given A;, the lower the isoquant, the slower the conver-
gence. In fact, from Marcet and Sargent (1995), the larger the real part of the
largest eigenvalue of F'+ V', the slower the convergence and the lower the isoquant.
Moreover, for a given policy, the speed at which agents learn is lower if the central

banks announces its policy path. The next proposition formalizes these results.

Proposition 5. In an economy that (i) evolves according to the system of equations
(3.8), where (i) private agents give weight 0 < (1 — X)) < 1 to the central bank’s
announcement, and (i) the central bank chooses a policy (Yr,Vz) € Sa, for a given
Yz, the larger is Ay — the smaller the weight that private agents give to the policy path
projections — the smaller has to be v, in order to reach the same speed of convergence
— the k-isoquant. Or in other terms, for a given combination of v.,V,, the larger is

A1 the smaller is k and the faster the learning process.

13In the definition we relate speed of convergence to the eigenvalues of the matrix F' + V. In
general, the speed of convergence is related to the eigenvalues of the derivatives of the mapping
from PLM to ALM, T'(A). In this case, the derivative is equal to F' + V (see Ferrero, 2003).
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Figure 3: The speed of learning isoquants for \; = 0 (dotted line) and A\; = 1
(continue line)

0 0.5 1 1.5
7x

Proof. see appendix 6. O

In a world where private agents are learning from past data, and therefore along
their learning process they produce biased predictions of the main macro variables,
the fact that the central bank publishes its projection obtained under rational ex-

pectations will lower the speed at which agents learn.

4 Announcing also expected inflation and output
gap

In the previous sections we have seen that by announcing its expected short term

interest rate, the central bank reduces the regions of stability under learning and
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lower the speed of convergence to the REE. The main reason is that by publishing
the interest rate projection consistent with the REE, the central bank is not taking
into account the fact that agents are learning and, therefore, is not offsetting the
bias of the learning agents.

In this section we analyze the implications in terms of E-stability and speed of
convergence when the central bank announces also its projections about inflation
and output gap. We assume that also these projections are obtained by the central
bank under the REE,

EfPy,.1 = A+ BYw,.

The main difference between the announcement of the policy path and the in-
flation and output gap paths is that, while former (the instrument variable of the
model) is implicitly used by private agents in order to form expectations about future
inflation and output (the control variables of the model), information about output
gap and inflation are used directly to predict those variables. Let 0 < (1 —\y) <1
be the weight that private agents give to the central bank’s announcement of infla-

tion and output gap
Etpytﬂ =(1-2X2) Efom + N Ef Yig1

Under learning the economy evolves according to the system of equation'
YV, =Q+F X EY, 1 +V X EYys+ Suw,. (4.1)

4.1 Announcing only expected inflation and output gap

First we focus on the case where the central bank only announces the inflation
and output gap projections and the private agents, at least, partly internalize this

announcement to form their expectations, i.e. Ay =1 and 0 < (1 — \y) < 1.

Proposition 6. In an economy that (i) evolves according to the system of equation
(4.1), where (ii) the central bank publishes only the projection about inflation and
output gap consistent with the REE (A = 1) and (iii) private agents give weight
0 < (1—=Xy) <1 to those projections, revealing the path makes condition for E-

stability less stringent than under mno announcement. In particular, the necessary

14See appendix 8 for a derivation of Fand V.
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and sufficient condition for stability under learning of the REFE is

2/\2 (ﬁ/\g + 1) ap — (/82)\2 - ]_) ()\2 — ]_) (1 — ﬁ2)\2)

T (Bha+ 1) (1 + ho) g (Brat 1)a ®

Proof. See appendix 7. 0

Therefore, announcing inflation and output gap projections has opposite impli-
cations than publishing the interest rate path. The former enlarges the region of
policies that imply an E-stable equilibrium, while the latter enlarges the region of
instability.

Figure 4 show the region of E-stability and root-t convergence when the central
bank announces only the inflation and output gap and the private sector gives weight

0.25 to this announcement.

Figure 4: E-stability and root-t convergence when the central bank announces only
the expected inflation and output gap, (1 — Ay) = 0.25

It is enough that private agents give a little weight to inflation and output gap
projections in order to shrink substantially the region of instability under learning

(from region A 4+ B to region B) and to increase the speed of learning (the region
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of root-t convergence enlarges from C' to C' + D).

4.2 Announcing expected interest rate, inflation and output
gap

In practice, all central banks that are publishing their interest rate projections were
previously - and also subsequently - publishing their inflation and output gap expec-
tations. Therefore, we also focus on the case where the central bank announces both
the interest rate path and the inflation and output gap projections and the private

agents at least partly internalize these announcements to form their expectations.

Figure 5: Weights to the projections and E-stability announcing the interest rate,
inflation and the output gap path

01 02 03 04 05 06 07 08 09 1

1-4

Proposition 7. In an economy that (i) evolves according to the system of equation
(4.1), where (ii) the central bank publishes both the interest rate path and the inflation
and output gap projections, consistent with the REE and (iii) private agents give
weight 0 < (1 — A1) < 1 to the former and 0 < (1 — X2) < 1 to the latter, in order

to have condition for E-stability less stringent under no announcement than under
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announcement the necessary and sufficient condition is that

_ _ A2
e o (LM -fA) 1
)\206(,0 (1 + ﬁ/\g) /\2

Proof. See appendix 8. 0

In Figure 5, region A shows the combination of weights to the two projections
under which the announcement of the paths reduces the region of stability under
learning. In particular when private agents give relatively high weight to the interest
rate path and low weight to the inflation and output gap projections, transparency

increases the region of instability under learning.

Figure 6: E-stability and announcement of the (i) interest path, (ii) inflation and
output paths, (iii) interest rate, inflation and output gap paths, (iv) no announce-
ment.
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Finally, Figure 6 describes the region of stability under learning under the dif-
ferent communication strategies analyzed: when the central bank announces (i)
only the interest rate path, (i) only the inflation and output gap path, (iii) both
the interest and the inflation-output gap paths (iv) and when it doesn’t announces

anything.
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The overall picture is the following: announcing the interest rate path increases
the region of instability; announcing inflation and output gap reduces the region of
instability; these two effects goes in the opposite direction when the central bank
announces both and depending on the weights that private agents give to them we

may have that a no announcement strategy is preferable.

5 Extensions: Publication of a longer path

One interesting extension considers the case where the central bank announces a

T-period path. In this case equation (2.1) becomes

T-1
v = Efzyr — EF Y (\irgy — @Tegien — geys) — (L= N EFP D (i)
=0 j

S
—

Il
o

where

EEBit+j = a; + p{,{bu,iut + pgbg,igt'

The following proposition shows under which conditions the economy converges to
the REE

Figure 7: E-stability and the announcement of a T-period expected path

g
6 -
E-stable region

E-unsgtable region
00 2 4 6 8 Vx

Proposition 8. In an economy that (i) evolves according to equations (3.8), where
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(1) private agents give weight 0 < (1 — Ay) < 1 to the central bank’s announcement,
the longer is the path revealed the more stringent are conditions for E-stability. In
particular, the necessary and sufficient condition for the MSV solution (2.6) to be E-
stable under contemporaneous-data reaction function (2.4) when the CB announces
the T'-period path is that

T (1-7)

AT TS e (3.12)

Proof. See appendix 9. O

In figure 7 we report the regions where we have an E-stable REE for different

T's, under perfect credibility.

6 Conclusions

In this paper we have analyzed analytically the effects of publishing the central
bank’s interest rate projection under asymmetric information.

We have shown that in a world where private agents are learning from past
data, a central bank that publishes the interest rate projection consistent with the
REE and it is not taking into account the fact that agents are learning, is acting
as if the expected interest rates are determined by a ”fundamental” policy rule
and, therefore, is actually making conditions for determinacy and E-stability more
stringent and the learning process slower than under no announcement. To offset
this effect, the response of the policy to inflation has to be larger than in the case
of no announcement.

We have also shown that announcement of expected inflation and output gap has
an opposite effect on the stability and speed of the learning process. Particularly
relevant for the actual debate on monetary policy transparency is the case where
central banks that have already been publishing the expected output gap and infla-
tion decide to publish also the interest rate path. In this case if the agents pay — or
are induced to pay — too much attention to the announcement of the interest rate
path with respect to the one they dedicate to expected inflation and output gap,
the region of instability under learning may result larger, and the speed of learning

lower, than under a communication strategy of no announcements.
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Appendix: Proofs of propositions

Appendix 1) The REE for the interest rate
Under the set of policies
I ="+ Valt + VTt
the economy evolves according to the following stochastic dynamic system:

HY, =K+ L x EY, 11 + Muwy,

with
_7Tt Ut —Pu 0
Yy = ) Wy = ) U = 5 gtNN(():QE)
| T gt i 0 Py
1 - ] 1
- o K= 0 L= 6 0 M= 0
LY 1o —7 | p 1 01

To calculate the minimum state variable (MSV) solution, we rewrite the system

as
Y, =Q+ F x EY, .1 + Swy,
where
Btap+Beya a
F = HI = PYztopyr+1 PYztopyr+1
_(p /6’7/#—1 1
PYztapy+1l  pyetapyr+l

%)
_a _
Q = H YK = Y e tapra 1
Pz topyr+1

_ s
¥ PYztapyr+l  prztapyr+l

PYz+1 «
S = Hipm= PYetapyr+1 PYatapyr+1
1

The MSV solution satisfies
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A = Q+FA
B = FBY+S

A— Qr ’ B— bﬂ,u bfr,g
Qg bx,u bx,g

bﬂ,u bﬂ,g Uy
bx,u bx,g gt

Etﬂ-t-l—l Qr + bﬂ,u bﬂ,g Pu 0 Uy
EtxtJrl Qg bx,u bx,g 0 Pg gt
The REE is
ay
-1 =Y — QY T
A il
a—Yz —aYr+0BY
vee(B) = (I — ' @ F) " vec(S)
—(1=putpva) _ a
B = | Bru=1)(A=puterz)=ap(yr—pu) (Bpg—1)(1—pg+972)—ap(vr—pg)
e(Yr—pu) Bpg—1
(ﬁpu_1)(1—Pu+§0’Yx)—a<P(’Y7r_Pu) (ﬁpg_1)(1_Pg+907x)—0¢§0(%r—Pg)

From the MSV solution for time ¢ inflation and output gap we obtain the time ¢
interest rate

it = Q; + by U + by iy

where

a; = Y+ Velz + Vrlr
bu,i - ’be:v,u + /YTFbT(,u
bg,i - ’be:v,g + ’77rb7r,g

and the conditional interest rate at time ¢ + 1

By = a; + pubuitiy + pgbgige

where a;, b,; and by; are easily obtained.
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In order to analyze determinacy of the equilibrium we rewrite the system as
=Q+ F x EfY; 1 + Swy,
and we focus on the eigenvalues of the matrix

1 ap+ (e +1)0 «
Ve + Py +1 © — BoYx 1

F=H'L=

For determinacy we need both the eigenvalues of the F' matrix to be inside the
unit circle (Bullard and Mitra, 2001). Since the characteristic polynomial of this
matrix is

X2 + &1X “+ ag
(8 + ap + Boys +1)
PV +apYr + 1
&
PV + apyr + 1

a necessary and sufficient condition is |as| < 1 and |a;] < 1 + ag. This reduces to

ap = —

A9 —

have
(1-5)

o> 1=y,
(0%

For E-stability we need the eigenvalues of the F' — I matrix and those of the

(“am

Since the characteristic polynomial of F' — [ is

-1 ) matrix to have the real part smaller than zero.

X2+CL1X+CL2

1 -8 —ap+ 2007 — Bove + 207,
(1+ ¢y + pyx)

—0p + Yz + Ve — Bova
(14 o7z + apvy)

a; =

a9 =

and
1 =08+ apyr + 0V

(14 ¢y + apyx)
a necessary and sufficient condition is as > 0 and a; > 0. This reduces to have

(1-75)

> 1—
(6%

CL1:CL2+
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We also need the eigenvalues of the (dzg‘l’ —1I ) matrix to be smaller than zero.

vec (FBY) = (V' ® F)vec (B)

PPy +,3Pu(90’7m+1) b + Pu b
Pratapyntl T <p75+a<p%r+1 T,
Pu PPu—PPYr Pu
(V' @ F)vec(B) = s L e L
appg+Bpg(pyz+1) b +a Pg b
Pz tapyr+l 7T Pz Fapyn 1709
Py + PPg—BYYrPg
PYetapyx+17T9 1 pyetapya+1 759

Pu ap+B(er+1) || bry
Prztapyt1 | 90— Bevs L bew |
Py ap+B(pr+1) || brg
Przt oyt 1| o= By, L || oy |
As p, and p, are smaller than 1 a sufficient condition for eigenvalues of the (dzg‘l’ -1 )

matrix to have the real part smaller than zero is that the eigenvalues of (F' — I') ma-

trix to be smaller than zero.

Appendix 2) Proof of proposition 1 (determinacy of the REE under

communication)

The economy evolves according to the following expression:

Hj = K + L x Effisr + Muy, (3.6)
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T 1 —Q 0 O
Tt Fo| e tew) 00
Eymr | 0 0 10|’
Eivig 0 0 01
0 0 Ba B2 0
ey —e(l=Na | 2L e(l=Am) —phr ¢ 1
0 ’ 1 0 0 0|’
0 0 1 0 0
1+ Bpu 0
—p (1= A1) pubui 1+ (1= (1= A1)by) py
0 0
0 0

To find the conditions under which the REE is unique, we rewrite the system as

~

U= Q+ F x Efuy1 + Swy,

whereF = H™'L, Q = H'K and S = H'M. For determinacy we need the

eigenvalues of the F matrix to be inside the unit circle.

Since the characteristic polynomial of this matrix is

with

(X + ﬁ) (CL()X3 + CL1X2 + CLQX + ag)
(7 + apyr + 1)

P(X) =

ay = (o7 +apy:+1)

ar = —(ap+Bpve+ 06— e (Ve + avx))
a; = —(1+ap+ fAip7.)
as = 5

necessary and sufficient conditions for determinacy are given by the Schur’s theorem.
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Let

ag 0 0 as as Qg

Qg 0 as as ay Qo 0 0 as ag

ag as a1 Qo 0 as a2 a1 Qo 0 0 as

A1 = 7A2 = 7A3 =

asz Qo as 0 ag aq as 0 0 agp a1 as

o Qs 0 ag o as 0 0 apg ap

a; ag as 0 0 an

the Schur’s theorem, says that a necessary and sufficient condition for all eigenvalues
of F' to be inside the unit circle is that det A; > 0, det Ay > 0, det Az > 0.
It is straightforward to show that det A; > 0 for all values of v, and ~,; sufficient
condition for the det Ay > 0 are
(1—PM\)

Yo >lm——"%
(07

and

1-p)  (1+5—28M)

Vr > - Ya-

(1—8\) a(l—=p )

Since necessary and sufficient condition for det Az > 0 is

2 (1-5)
Yr > (1 +)\1> - o YV

and when this condition is satisfied, also the conditions for det A, > 0 are satisfied,
necessary and sufficient conditions for determinacy is
2 (1-7)

7r> - x-
T a ]

Appendix 3) Proof of proposition 2 (E-stability of the REE under

communication)
To study how the economy evolves under learning we rewrite the system as

-ﬁyt = I?-FFLV X E:yt—i—l_}_ﬁ X E:yt+2+th,
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where
[ . 0 - 2
yt = 7Tt , K — ’ — ﬁ
K2 —py (1 4+ X)) —p (1= X\)ay e 1
ﬁ _ [ 1 —Q 7 z _ 0 ﬁOé 7
o (L+ o) e(1=Mv) —pM7%e
— [ 148 0
a +Bp
e (L= A1) pubu; 1+ (1= (1= X)bgs) pg
or
Y, =Q+F x E}Yy1 +V x E[Y,5 + Suy,
where
F=H'LandV =H'P.

For E-stability we need the eigenvalues of the F +V — I matrix and of the

1 ) matrix to have the real part smaller than zero.

dB

(d(FB\IJ+VB\IJ’\IJ) _
Since the characteristic polynomial of the F +V — I matrix is

X2+CL1X+CL2

with
(207 — 2ap — 32 — B2py, + 20607, + @MY + @BV + Ay, + 1)

©Ye + apyr + 1

ap =

and
o 2B+ (e =204 0% = B+ MYe + alye — By)
i PYe + Py + 1 ’

necessary and sufficient conditions are ay > 0 and a; > 0. As
L 0=20-8) 2=+
o 2408+ M)ap  2+8+M)a”
2 (1-8)

- Va

>
" (1+)\1) 8}

Since
C-F+r) (-5 _M+DE
(2+B+)\1)oz 0% Oz(ﬁ+/\1+2)

and
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2 (1—2&sa—ﬂ2):(6+1)(A1(1—B>+(1—ﬂ>+2w>>0
(1+X) 2+8+M)ap ap (A +1)(B+ A +2)

this reduces to have as > 0, that is

2 (1-75)
P)/7T> (1+)\1>_ o Yz

d(ﬁé\lurf/éqﬂ\l/)

We also need the eigenvalues of the ( 5

i ) matrix to be smaller

than zero.

vec (ﬁé\ll) + vec(VBU'U) = <‘I/’ QF + 00 @ ‘7) vec (E)

(puf - p3‘7)

o) [

As p, and p, are both smaller than we just focus on the first expression. A sufficient
d(FBY+VBY'T)

condition for eigenvalues of the 5

—1 ) matrix to have the real part

smaller than zero is that the eigenvalues of

_ B2 +ap+5% oy _
~ o= — Py Ayn—1 -+ i( 1““) -1 OépuﬁJrﬁ“"% 50)\1'1Yz +pi a -
puF'+p,V—1 = ¢7x+§w%+1 wﬁ%g%Jrl )e\wxjrra%vﬂL m;LawﬂL
_ _ MYet 2, PTyn—l _ AYeFAPYr 2 1
PPu retapratl — PuP oy rapyatl PPuoyotapya+1 T Py PYetapyr+1 1

have the real part smaller than zero. Since the characteristic polynomial of the
puﬁ + pfff — [ matrix is

X2+ a1 X +as
with
o, = 200 = B0 = pu = appy = appu = BPPally + 0N YsPu + 0pYx (24 Bput+ Aipu) +2)
Ve + pyr + 1
and
4y = PPt D) (= Bpu) (1= i) = (L pu) 0pu + 9% (1= Bpu) (14 apu) + 09 (L Mapu))

Ve + apyr +1
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necessary and sufficient conditions are a; > 0 and a; > 0.

As
=24+ (148 ps + (A +pu)apps (2= Fpp + Mipu)
" (1 + Bpu + 1+ Mapw) ap 0 H Bpu+ 1+ Mupu)
7>—u—wuuﬂ@+u+%mW%juwm
" (1 + )‘lpu) ap a ’
Since
(2= B8%0% + Mipu) o (1= Bpu) _ (Apu +1) Bpy >0
(1+ Bpu+ 14 Aipy) @ o (Bpu+ Aipu+2)a
and

— (1= Bp) A =pi) + (L4 pu)appu =24+ (145 o+ (L+ pa) appu _

(1 + /\lpu) ap (1 + ﬁpu + 1 + )\lpu) ap

this reduces to have as > 0, that is

B (1 — ﬁpu) (1 - pZ) + (1 + pu) AP Py . (1 _ ﬁpu)
(1+ Arpu) v a

Vr >

xT

Finally by comparing this last condition with the

2 (1-5)
/77r>(1+)\1)_ o Va

we observe that

(1_ﬁpu)_(1_ﬁ) ﬁ(l_pu)>

= 0
«Q «Q «Q
and )
2 __(1_5pu)(1_pu)+(1+pu)a(ppu>0
(1+ A1) (14 Aipu) cp

. o . d(FBY+VBY'¥
Therefore a sufficient condition for eigenvalues of the (% -1 ) ma-

trix to have the real part smaller than zero is that the eigenvalues of (f +V -1 )
matrix to be smaller than zero, that is
2 (1-75)

7r> - T
AN a |

Appendix 4) proof of proposition 3 (speed of convergence and com-
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munication of the path)

From Marcet and Sargent (1992) it follows that a necessary condition for root-t

) . ~ d(FBY+V BV ¥
convergence is that the eigenvalues of F'+ V' and those of % have the

real part smaller than % On the other hand, agents beliefs will not converge to the

d(FBU+VBU'¥)
dB

part more than 1/2. Similarly to the proof in appendix 3, it turns out that it is

MSYV solution at root-t speed if any eigenvalue of F+Vor has real

sufficient to have the real part of the eigenvalues of F + V smaller than % Let

-~ o~ 1 (82 +2000+ 60y —apAiyr) 1 a(BHBeya—pAive+1)
F+V ——-1= PYztapyn+1 2 PYztapyr+1
2 _80'77”62"‘)\177\'_2 _<P>\1’Yx+a/6§9'\f7r—1 . l
PYztapyr+1 PYztapyr+1 2
X2 + &1X + a9

0= ~2ap+ )+ (1= 5+ M)+ apyr (L 8+ M)
' Ve + apyr + 1
o (1—26%) —dap (14 28) + @72 (14 201) (1 — 262) + apya (1 +20) (1 + 20)
’ 4 (v + apyr + 1)

By applying the Routh theorem, we have the necessary and sufficient conditions

for root-t convergence: both eigenvalues of F 4V have real parts less than 1 /2 (i.e.
both eigenvalues of F4+V-— %I have negative real parts) if and only if a; > 0 and
as > 0. Under the assumption that v, and v, are non negative, the necessary and

sufficient conditions are:

(Pr200) _ (1e3-)
ap(Itntf)  a(ltnth) 1
428+ 1)ap—(26%-1) | (262-1)

(2B+1) (14201 ap (1+28)a =

Vx> max

Appendix 5) proof of proposition 4 (root-t convergence and commu-

nication of the path)

Given the set

(#4205) _ (13-s?)
ap(l+2+8)  a(l+Mi+8) T
4(2ﬁ+1)a<p—(2ﬁ2—1) (1—2ﬁ2)

@BrDI+2Aap (112 /@

S1=2% Y, Ve : Yr > Max

under which we have root-T convergence, we take derivatives of the two terms inside
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the max operator with respect to A\; and we show that the larger the A\, that is the
smaller the weight to the announcement (the extreme cases of \; = 1 coincide with
the case of no announcement), the smaller is the S; set, since the larger has to be
v in order to stay in the S; set.

As
0 (14+M\—73% aB(B+1)

Ma(l+M+06) Ja(l+M+p8)°

and
9 (B*+2ap)

oM (14 0+ M) ap

always. The first term of the max function is larger for smaller \;.

<0

And since
0 428+ 1) ap—(2682-1) <0
oA\ (284 1) (14+20) ap
for (2%0.99% — 1)
ap > ' = 0.0806,

4% (1+2%0.99)

condition that is always satisfied for all reasonable values of ayp (for example under

CGG (1999) parametrization ap = 0.3; under Woodford (2003) parametrization

ap = 0.15). That is the second term of the max function is larger for smaller A;.
Therefore the set of (7, 7,) combinations under which we have root-T conver-

gence is smaller, the larger is ;.

Appendix 6) Speed of convergence isoquants

The idea is the following: we look at combinations of (vx,7,) that results in
the same value for the real part of the largest eigenvalue of the F' 4+ V matrix. Let
0 < k <1, then

2+ a’fz + ag
with

p o (2k = B% =200 — 2oy, + 2k0y. + oMY + 2k + afoys + apliyy — 1)
! Yz + Py + 1

p_ (B2 —k) (A —Fk) =200 (k+8) + (k= 5°) (M + k) pra + apyx (b + 5) (k+ M)
? Ve + 0pyr + 1

is the characteristic polynomial of F' 4+ V — k1.



41

Both eigenvalues of F' have real parts less than k (i.e. both eigenvalues of F' — kI

have negative real parts) if and only if a¥ > 0 and a% > 0. That is,

(1-2k+82+200)  (—B2+2k+A1)

- ChiB \)ae ChkiBtina )z
Yr = max 2a¢<k+m—8ﬁ2—k)<m> (k87
ap(k+B)(k+ A1) o(k+B) 1=

Appendix 7) proof of proposition 5 (speed of convergence and com-

munication of the path)

Let’s consider an isoquant in the S5 set:

(1-2k+82+20¢)  (—B2+2k+A1)

ko k1AM k1B a lz 1
V. = max 1852{1{)(17/{) (161752) for — <k <1

&+x)  ap(ktB)(kth)  a(ktB) =

We take derivatives of the two terms inside the max operator with respect to Ay
and we show that for a given k, the larger the \;, that is the smaller the weight
to the announcement (the extreme cases of \; = 1 coincide with the case of no

announcement), the smaller is v~

As
0 (=F+2k+XM) _ af(B+1) -
oM 2k+B+M)a [(2k+ 6+ M) al?
and
J (1=2k+ %4 20p) —ap(l—2k+ 3%+ 2ap)
= > <0
oM 2E+8+ M) ap [(2k + B+ M) ayp)]
for . )
k< 5 +a
2
and since
1+ 3
5 +ap >1

o (1-2k+32+2a¢p)
o R ae 0
The first term of the max function is larger for smaller ;.

for all reasonable values of «, p, 3, it is

And since
9 209 (k+3)— (6% —k)(1-Fk)

o ap(k+3) (k+ M) <0
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for
[2ap (k+3)— (62 —k) (1—k)] >0

that for % < k <1 is always satisfied if

(2%0.99% — 1)
4% (1+2%0.99)

ap > = 0.0806,

condition that we have already seen is always satisfied for all reasonable values of
ap.
That is, also the second term of the max function is larger for smaller A;.
Therefore for a given 7., the larger is A;, that is the smaller the weight that
private agents give to the policy path projections, the smaller has to be 7, in order
to reach the same speed of convergence denoted by the k-isoquant. Or in other
terms, for a given combination of 7,,7,, the larger is A; the smaller is k, and the

fastest the learning process.

Appendix 8) proof of proposition 6 (announcing expected inflation

and output gap)

Under learning the economy evolves according to the system of equation

ﬁyt:k"‘z xE;‘yt+1+ﬁx E:yt+2+]T/f/wt,

and the H , L and P matrices that are relevant in order to study stability under

learning are

= 1 — = Xof3? 0
0 = « P
o1 (L4 97) Ph2 A2
z B | 0 ﬂ@)\Q
LA (1= Mive) —phoiys
or L N N
Vi =Q+F X EY 11 +V X EY; 5+ Swy,
where s .
~ ~—1 ~ _ A1Yr—1 +B¢ve—oM Ve
ﬁ = ﬁ 1 Z = ay 2<P%-1F0t90%+1 A2 ‘:D'Yac+a<P’Y7r'|l'1
— o\ A1yr—1 — o\ A1 Yz +aBvyr
PA2 a1 PA2 oyt agyatT
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- _ 1~ A2 (B2 +ap+B207 ) Ao
V=H P= PYztapyn+1 PYztapyn+1
_50)\2 527”71) A2
P tapyrtl P tapyrtl

for E-stability we need the eigenvalues of the F 4V — I matrix to have the real part

smaller than zero.

~ = Do (024200452 pra—apdiva) 1 @e(B4Bere—eMye+l)
F+V—-1= 50’Yz+a50“/27r+1 P |
_ PR (V’fﬁ +>‘””_2) _Xe(phmptaBern—1) 4
Pz topyn+1 Yz tapyn+1

Since the characteristic polynomial of this matrix is
X2 + CL1X —+ ag

with

(2= X2 — %A = 2000 4+ 072 (2 = B2ha + M Aa) + apyx (2+ B + A A2))
©Ye + apyr +1

ap =

(1= X2) (1= B%Xa) = 20pXa (14 BAg) + @70 (1 = 52X2) (14 M Aa) 4+ apye (L4 BAg) (14 M )y))
©Ye + vy +1

necessary and sufficient conditions are a; > 0 and a; > 0. As

a9 —

a; = ag +c¢

and

o= (L= 0225 +2000%) + (MBA; + 1) 03 + apya (1= BAAS)
©Ye + apyr +1

this reduces to have ay > 0, that is

D (Bhe+ 1) ap — (BPra—1) (Na—1) (1 - B2\)

Tr > (B + 1) (1 + Aha) ag (Bra+ Da ®

In order to determine what is the effect of announcing only the expected inflation

and expected output gap, we impose A\; = 1 and obtain the following condition:

Vo > h — 29,



44

with
- 2)\2 (/B)\Q + 1) aQY — (52)\2 — 1) ()\2 — 1)
(ﬁ)\g + 1) (1 + )\2) ap
(1= 5%\)
B+ 1)«
Since

Oh_(BO+8)(1=28) +2(1+Ah) (1= Fh) +ap (1 + PR +200)
e o (o + 1) (B + P

d
. 0: _ (1=PN) _ (RN =) _,
Oy (Bra+1Da a (B +1)°

We have that the larger the weight to the projection (the lower \s), the lower

the intercept h and the steeper the slope (in absolute value) z. Therefore, for all
values of the parameters, we have that by announcing the expected inflation and
output gap, the combinations of (v,,7,) that imply E-instability is a subset of those
obtained when the central bank does not announce the inflation and output gap.

In order to study the speed of convergence, we consider the k-isoquant. obtained
from the F +V — kI matrix

A2 (824200452 e —awAin) —k X (B+Bpyz—pA172+1)

F+V —kI= ©Yztapyr+1 @Yz +apyr+1
_ (A —2) _ Xe(PAetafern—1) .
PYztapyr+1 PYztapyn+1

We look at combinations of (v,,7,) that results in the same value for the real

part of the largest eigenvalue of the F' + V matrix. Let 0 < k£ < 1, then

z2+alfz+al§

with

S (2R = Ao = P20 4 2kpye — 2a0As — F7pAo7s + 2kapys + A AYe + afpdars + apAidain)
' VY + oy + 1

and

r (BPha = k) (Mo — k) =200 (BAa + k) ap + (k= 7)) (k + M) oya + (BA2 + k) (k4 M o) apyy)
2

a =
Ve + @y + 1
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is the characteristic polynomial of (F'+V — kI). Both eigenvalues of F' + V have
real parts less than k& (i.e. both eigenvalues of F'+V — kI have negative real parts)
if and only if a¥ > 0 and a5 > 0. That is, both conditions

>(1+ﬁ2+20[()0))\2—2k_ 2]{3—(52—/\1))\2
T e 2k (B A N) alZkt+ (Bt ) ) ®

2)\2 (ﬁ)\g + k’) aQp — (52/\2 — k) ()\2 — k’) (k’ — ﬁ2)\2)

" (Bra + k) (k + AiA2) ap Brat+k)a

must be satisfied.

A k-isoquant in the S5 set satisfies:

(1482+200) X2 —2k 2%—(32-1)

K PR (F 1D aZh (B 1o 1
T T AR ax (Bra+k)ap—(Fha—k)a—k)  (k=5%)2) for gsk<l
(Bra+k) (k+r2)ap ~ (Brotha

We take derivatives of the two terms inside the max operator with respect to A,
and we show that for a given k, the larger the A\, that is the smaller the weight
to the announcement (the extreme case of Ay = 1 coincides with the case of no

announcement), the larger is 7*.

As
0 2k—(3—-1)\ _ 2kaf(B+1)

Doak+(B+1)A)  (a(Zk+ Bt )

d
o 0 ((L+ 5 +200) 0y —2%) _ 2K(F+0+200+2) _
My ap(2k+(B+1) ) ap(2k+ A+ By’

The first term of the max function is larger for larger \,.

And since

0 (k=)  —kaB(B+1)

Mo (Bra+ k) (B + k) a)?

TO BE COMPLETED

Appendix 9) proof of proposition 7 (publishing interest rate, inflation

and output gap projections)
Condition for E-stability becomes

Vo > h — 27,
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with

22X (BAa + 1) ap — (B2A — 1) (Mg — 1)
(B2 + 1) (1 + A Ae) ap

(1—05°N\)

(BA2+1) Qe

Here we are interested on the combination of between \; and )\, that make
announcement worse than no announcement.
Under no announcement we have

Vr > 1_(1_7/8)73}
«

The slope
(1-5) (-8 _ (-8 _

B+ 1)« a B+ 1) a —
for all values of 0 < X\ < 1.
The intercept

2 2\ — -
1- 2, Bh-DRe-D _,
(1 + /\1)\2) (ﬁ/\g + 1) (1 + /\1/\2) ap
for
1-— 1— 32 1
)\QC((’O (1 + ﬂ)\g) )\2
where

(=M= 1
2 )\204(,0 (1 + /6)\2) )\2 S 1

for all values of Ay < 1, since
(1=5%X2) (1= X)) +ap (1= X2) + (1= A2) afprs > 0
for all values of A\, < 1.

We have that the larger the weight to the projection (the lower \s), the lower
the intercept h and the steeper the slope (in absolute value) z. Therefore, for all
values of the parameters, we have that by announcing the expected inflation and
output gap, the combinations of (v,,7,) that imply E-instability is a subset of those

obtained when the central bank does not announce the inflation and output gap.
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Appendix 10) Proof of proposition 8 (announcement of a T-period
path)

First of all notice that

T-1

m =B Emr + E Z # (s + Upyj)
=0

T-1
o * P .
Ty = B v — By E (Pitr; — PTerji1 — Givj)
Jj=0

Efive; = (1= ) EfP iy + AEfivsy,

can be written in matrix notation as

A())/t =K + AlE:)/H—l + ...+ AT—lE:)/t—f—T—l + ATE:)/H—T + Swt

with
_ ' -
AO - @
o1 (T4 9v)
S .
A = |7 ]
p 1
- . _
Al - Odﬂ
Bz (1 - )‘l%r) —QOAN Yz ]
[ 0 apBT-1 |
Ary = g
Bz (1 - )‘l%r) —QOAN Yz ]

Since the perceived law of motion (PLM) is
EYir = A+ BV w,
we can rewrite the previous expression as

AgY, = K+ A; (A+ BYwy) + ...+ Ar_y (A+ BY" 'wy) + Ar (A+ BY w,) + Sw.



48

Therefore, the actual law of motion (ALM) is
Y, = A7 K + Ayt (A1 + .+ Ap) A+ (Ay" A BY + .+ Ag Ar BUT + AG'S) wy,

And the mappings from the PLM to the ALM that drive the properties of the

equilibrium under learning are
TA) -A=A" (A +..+Ar)A—- A

T(B)—B=A;"'(ABY + ...+ ArBV") — B

To study the E-stability conditions we just need to focus on the Ay (A; + ... + A7)

matrix

PYat1 ey T 2 T—1
‘P’Ym'f’(;p"/w"rl PYztapyr+1 ﬁ C“B + C“B +. C“B

T T ¢7x+o¢1s0%+1 ] [ P+ (T =11~ ) L= (T -Dohr

In particular necessary and sufficient condition for E-stability is that the eigen-
values of the [Agl (A1 + Ao+ ...+ Ap_1 + Ar) — I] matrix to have the real part

smaller than zero. Let define

a = aﬂ+aﬂ2—|—...+&ﬁTil
b = o1+ (T—1)(1— A7)
c = 1—(T—1)oM7..

Since the characteristic polynomial of the matrix [Aa YA+ Ag 4+ A AP — T ]
is
X2 + &1X “+ ag

with
(—c—ba = B + 207, — 8707 + apyx + 2007, + 2)
a, =
Yz + apyr + 1
(—c—ba — BT + @y + BT — ab — B0, + apyx + apy + 1)
o = ’

Yz + Py + 1

necessary and sufficient conditions are a; > 0 and a; > 0.
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The first condition implies that

y Tap— (1-6") - 2+ (T -1x - ")
TR T Dot BBt Nap C+ T DM+ BI Pt A"

The second condition implies

T (1-5)

Since the latter condition implies the former, necessary and sufficient condition for
E-stability is
T (1-7)

7r> - x-
R S W W P




